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We consider states defined on non-trivial topologies of Torus, Mobius and Torus-Mobius.
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1. Introduction
States in manifolds with non-trivial topologies and entanglement involving such
states have close implications to quantum information [1,2,3,4,5,6,7] and quantum
computing [8,9,10,11,12]. More specifically, generation of coherent states and their
superpositions (cat states) [13,14] or and ther entanglement (as EPR states [15])
in intricate geometrical or topological configurations can give rise to interesting
effects. Recent developments of topological qubits [16,17], quantum optics in curved
space-time [18], topological defects [19], graphene and topological isulators [20,21,
22,23] have increased the interest in systems with non-trivial topologies. Here we
concentrate on Torus and Mo¨bius topologies.
Different from the known coherent state elaborations for quantum optics [24,
25,26,27], in non-trivial manifolds, coherent states acquire topological properties,
with consequences that affect periodicity and normalization. This is the case of
non-trivial manifolds with topologies of Torus [28,29] and Mobius strip [30].
We remark that there is no general method for a construction of coherent states
for a particle on an arbitrary manifold, specially when the space is described in
a non-trivial topology [31,32,33,34,35,36,37,38,39]. A general algorithm was intro-
duced by Perelomov [40] for construction of coherent states for homogeneous spaces
X which are quotients X = G/H of a Lie-group manifold G and the stability sub-
1
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group H . Unfortunately, in many interesting cases for physics as a particle on a
circle, sphere or torus, the phase space whose points should label the coherent
states, more precisely a cotangent bundle T ∗ M , where M is the configuration
space, is not a homogeneous space. A general theory of coherent states when the
configuration space has non-trivial topology is far from complete. In view of the
lack of the general method for the construction of coherent states one is forced to
study each case of a particle on a concrete manifold separately.
It is worth to point out that coherent states for a quantum particle on circle,
sphere and torus have been introduced very recently [28]. In such cases different
constructions of the coherent states (CS) in the boson case are practically straight-
forward, and a simple addition by hand of 1/2 to the angular momentum operator J
for the fermionic case into the corresponding CS remains obscure and non-natural.
The question that naturally arises is if there exists any geometry for the phase space
in which the CS construction leads precisely to a fermionic quantization condition.
In a recent work [30], we demonstrated the positive answer to this question showing
that the CS for a quantum particle on the Mobius strip geometry is the natural
candidate to describe fermions exactly as the cylinder geometry for bosons.
In this paper, we investigate the entanglement of coherent states on a Torus,
Mobius strip and Torus-Mobius, i.e., in the case where two-particle states, one in
the Torus and other in Mobius, are entangled in the intersection of the two mani-
folds. Taking into account the consistent operators acting in each space and their
action on states, we consider the generation of entangled states and non-orthogonal
projective measurements, a generalization of von-Neumann type measurement, to
quantify entanglement. We also consider the topological and geometrical conse-
quences associated to CS in Torus and Mobius and the relations of the toroidal
operators and entangled torus states to SU (1, 1).
2. States on a torus and operators Mˆ
We can start with a revision of the quantum mechanics on a Torus. Such situation,
in principle, can be identified with product of two circles, this implies, following
[28], that we can define the algebra
[Ji, Uj ] = δijUj , (1)[
Ji, U
†
j
]
= −δijU †j , (2)
[Ji, Jj ] = 0, (3)
[Ui, Uj ] =
[
U †i , U
†
j
]
=
[
Ui, U
†
j
]
= 0, (4)
where Ui = e
iφˆi and U †i = e
−iφˆi . Taking i, j = 1, 2, and ~J = (J1, J2), ~j = (j1, j2),
the eigenvalue equation is written as
~J |~j〉 = ~j|~j〉. (5)
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where |~j〉 are ladder operators that satisfy
eiφˆj |~j〉 = |~j + ~ej〉,
e−iφˆj |~j〉 = |~j − ~ej〉, (6)
where ~e1 = (1, 0) and ~e2 = (0, 1). Consequently, starting from a vector |~j0〉, and
j0i ∈ [0, 1), i = 1, 2, a Hilbert space can be generated by a set of vectors {|~j〉}.
The antiunitary operator of time inversion T can be also defined by means of the
relations
TJiT
−1 = −Ji (7)
TeiφˆiT−1 = e−iφˆi (8)
Te−iφˆiT−1 = eiφˆi (9)
This operator is symmetric and the action on |~j〉 is given by
T |~j〉 = | −~j〉. (10)
As a consequence ~j0 can take only four possible values (0, 0), (0,
1
2 ), (
1
2 , 0) and
(12 ,
1
2 ). The relation between |~j〉 and |~φ〉 is given by
〈~φ|~j〉 = ei~j·~φ (11)
In the coordinate representation of the states on a torus, the following eigenvalue
equation is satisfied
e±iφˆi |~φ〉 = e±iφi |~φ〉, (12)
where ∫ 2π
0
∫ 2π
0
dφ1dφ2
(2π)2
|~φ〉〈~φ| = I. (13)
Now, let us define the following operator Mˆi that mixes operators eiφˆi and T ,
Mˆi =
(
eiφˆiT +
(
eiφˆiT
)−1)
. (14)
The action of this operator on |~j〉 will generate superposition states of the form
Mˆi|~j〉 = | −~j + ~ei〉+ | −~j − ~ei〉 (15)
Mˆ2i |~j〉 = 2|~j〉, (16)
As a consequence the even exponents of Mˆi are eigenvectors of |~j〉,
Mˆ2ni |~j〉 = 2n|~j〉 (17)
Mˆ2n+1i |~j〉 = 2n
(
| −~j + ~ei〉+ | −~j − ~ei〉
)
(18)
We have then
eMˆi |~j〉 = cosh(2)|~j〉+ sinh(2)
(
| −~j + ~ei〉+ | −~j − ~ei〉
)
. (19)
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3. Relation of the toroidal operators Mˆ and SU (1, 1)
We have been seen in previous references, the action of the creation and annihilation
operators corresponding to the generators of the Heisenberg-Weyl algebra with the
basic coherent states of the non-compact oscillator is given as follows
a2n+1 |+〉 = α2n+1 |−〉 (20)
a2n |+〉 = α2n |+〉 (21)
and ea|+〉 = cosh(α)|+〉 + sinh(α)|−〉, with α the corresponding eigenvalue of the
coherent state.
The importance of such construction is because it describes a unitary represen-
tation of the SL(2R) ∼ SU(1, 1) ∼ SO(2, 1) group that is of infinite dimension.
This representattion was used in the case of coherent states in noncompact oscilatrs
and also in Supergravity models and strings.This specific action of the operators
a2n
(
a2n+1
)
over the basic states |+〉 (|−〉) is clearly isomorphous with the action of
theMˆi operators defined on the torus making the identification
|~j〉 → |+〉 , (22)(
| −~j + ~ei〉+ | −~j − ~ei〉
)
→ |−〉 , (23)
and also 2→ α. This operator M make a cross over from a compact to a non
compact structure of the of the geometry of the configuration space. This point
is extreamely important to explain topologically and geometrically speaking the
metal/superconductor-insulator transition. There exists, for instance, a clear possi-
bility to map the SUGRA (Supergravity) model [41] into the Torus due the specific
action of the operators M. A concrete adaptation of the model to metal isulator-
transition and SUGRA-Torus correspondence will be the scope of a future work
[?].
In particular, let us first propose an entangled state based on such states
|+〉|−〉+ |−〉|+〉, (24)
we will show that there is an explicit operator capable of realize the building of
such state.
Here we can only analyse the following properties. The change under the action
of ab, where b has the same action of the operator a, is the following
ab (|+〉a|−〉b + |−〉a|+〉b) ,= (|−〉a|+〉b + |+〉a|−〉b) .
Then, the state is invariant under ab. We can also check the action under ab2 and
a2b,
ab2 (|+〉a|−〉b + |−〉a|+〉b) = (|−〉a|−〉b + |+〉a|+〉b) ,
a2b (|+〉a|−〉b + |−〉a|+〉b) = (|+〉a|+〉b + |−〉a|−〉b) .
Such that this state generate two equivalent and entangled states.
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4. Coherent states on Torus and Mobius
The coherent states on a Torus are defined from the relation ~Z|~z〉 = ~z|~z〉, where
~z = (z1, z2) ∈ C2, ~Z = (Z1, Z2) and Zi = e−Ji+ 12 eiφˆi , z(Torus)j = e−lj+iαj . The
relation to the states |~j〉 is given by
〈~j|~z〉 = z−j11 z−j22 e−~j
2/2. (25)
The coherent states can be explicitly written in terms of |~j〉, using∑~j∈Z2 |~j〉〈~j| = I,
by means of
|~z〉(Torus) =
∑
~j∈Z2
z−j11 z
−j2
2 e
−~j2/2|~j〉, (26)
that can also be written as
|~z〉(Torus) =
∑
~j∈Z2
e
~l·~j−i~α·~je−
~j2/2|~j〉. (27)
The normalization conditions of (26) are product of Jacobi theta functions, here we
consider only the case (0, 0), that is given by
〈~z|~z′〉 = Θ3
(
i
2π
ln(z∗1z
′
1)|
i
2π
)
Θ3
(
i
π
ln(z∗2z
′
2)|
i
π
)
.
Now, we define two-mode coherent states by means of the product state
|~z, ~w〉 =
∑
~j,~j′∈Z2
z−j11 z
−j2
2 w
−j′1
1 w
−j′2
2 e
−~j2/2e−
~j′
2
/2|~j, ~j′〉,
(28)
where wj = e
−l′j+iα
′
j . We can also write this state as
|~z, ~w〉 =
∑
~j,~j′∈Z2
e
~l·~j+~l′·~j′−i~α·~j−i ~α′·~j′e−(
~j2+~j′
2
)/2|~j, ~j′〉,
where the relations the eigenvalue relations are written as
Zi|~z, ~w〉 = zi|~z, ~w〉, (29)
Wi|~z, ~w〉 = wi|~z, ~w〉, (30)
Wi = e
−J′i+
1
2 eiφˆ
′
i and the normalization factor
〈~z, ~w|~z′, ~w′〉 = Θ3
(
i
2π
ln(z∗1z
′
1)|
i
π
)
× Θ3
(
i
2π
ln(z∗2z
′
2)|
i
π
)
× Θ3
(
i
2π
ln(w∗1w
′
1)|
i
π
)
× Θ3
(
i
2π
ln(w∗2w
′
2)|
i
π
)
. (31)
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The action of Mˆi on a two-mode coherent state for operators Mˆzi and Mˆwi acting
in each mode, we will have the following relations for even exponents(
Mˆzi
)2n
|~z, ~w〉 = 2n|~z, ~w〉, (32)(
Mˆwi
)2n
|~z, ~w〉 = 2n|~z, ~w〉. (33)
It follows that the two-mode coherent states from the torus are eigenstates of the
even exponents of Mˆzi and Mˆwi .
The coherent states can be reduced from the Torus to Mobius strip by means
of a constraint between the angle variables
θ =
φ+ π
2
. (34)
we will describe this more appropriatelly in a section below. Once we have the a
Mobius strip parametrization, a deformation can be applied by means of following
transformation
X
′(Mobius) = e−ZX(Mobius), (35)
Y
′(Mobius) = e−ZY (Mobius), (36)
Z
′(Mobius) = Z(Mobius), (37)
that does not change the topological properties of the Mobius strip. In this
way a coherent state associated to the Mobius strip [30] is defined by means
of ~Z(Mobius)|~z〉 = ~z(Mobius)|~z〉, where ~z(Mobius) = (z(Mobius)1 , z(Mobius)2 ) ∈ C2.
Z
(Mobius)
i acts in the i mode of |~z〉 and
z
(Mobius)
i = e
−(li+r sin(φi/2))+iφi (1 + r cos (φi/2)) . (38)
5. Entangled states on Torus
Let us consider the action of the following operators
Dˆnik =
(
Mˆzi
)2n (
Mˆwk
)2n+1
+
(
Mˆwi
)2n (
Mˆzk
)2n+1
on the states |~j, ~j′〉, where n = 0, 1, ... is are integer values,. This will be given by
Dˆnik|~j, ~j′〉 = 22n|~j〉
(
| − ~j′ + ~e′k〉+ | − ~j′ − ~e′k〉
)
+ 22n
(
| −~j + ~ei〉+ | −~j − ~ei〉
)
|~j′〉, (39)
Note that this state is equivalent to the state |+〉|−〉+ |−〉|+〉, discussed previously.
This state is built in a consistent way from the state |~j, ~j′〉 by means of the action
of the operator Dˆnik. In particular, the operators a and b discussed previously are
in fact actions of the operator Mi that in appropriate conditions leave the state
invariant, i.e., in the forms a2b and ab2. Such operators are important when we
search operators that leave a bipartite entangled state invariant [42].
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Fig. 1. (Color online) two-particle trajectories on Torus.
Now, let us consider the bipartite coherent state for a torus,
Dˆ
n
ik |~z, ~w〉 =
∑
~j,~j′∈Z2
e
~l·~j+~l′·~j′−i~α·~j−i ~α′·~j′
e
−(~j2+~j′
2
)/2
Dˆ
n
ik|~j,
~j′〉,
(40)
this can be written as
Dˆnik|~z, ~w〉 = 22n
∑
~j,~j′∈Z2
e
~l·~j+~l′·~j′−i~α·~j−i ~α′·~j′e−(
~j2+~j′
2
)/2|~j〉
(
| − ~j′ + ~e′k〉+ | − ~j′ − ~e′k〉
)
+ 22n
∑
~j,~j′∈Z2
e
~l·~j+~l′·~j′−i~α·~j−i ~α′·~j′e−(
~j2+~j′
2
)/2
(
| −~j + ~ei〉+ | −~j − ~ei〉
)
|~j′〉.(41)
The case where | − ~j′ ± ~e′k〉 = | − ~j′〉 ± |~e′k〉, we can write
Dˆnik|~j, ~j′〉 = 22n+1
(
|~j〉| − ~j′〉+ | −~j〉|~j′〉
)
. (42)
It is interesting to observe that the states | −~j〉 and −|~j〉 are not equivalents, since
~J |−~j〉 = −~j|−~j〉 and ~J(−|~j〉) = ~j(−|~j〉), what implies that the above state is in fact
a entangled state. Note that the state (41) with (42) can be associated to the state
of photons with orbital angular momentum states |l〉 entangled, experimentally
verified [43,44,45], described by
|Ψ〉 =
∑
l
√
λl|l〉| − l〉, (43)
and 〈φ|l〉 = eilφ/√2π where φ is the azimuthal angle.
In the general case the operator Dˆnik acts in the entanglement of two-particle
states with torus topology (figure 1 and 2).
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Fig. 2. (Color online) two-particle trajectories on Torus.
6. Geometrical and topological reduction from Torus to Mobius
In this section we arise to the question about if the topology of a manifold is
sufficient to give a correct description of the physical states living there. In the
reference [30], we show the reduction of the toroidal geometry to the Mobius strip
due the use of suitable projection operators, starting from the torus as the original
quantum phase space.
A position point in a Mobius strip geometry can be parameterized by means of
specific points P0 and P1 given by
P0 = (X0, Y0, Z0) (44)
P1 = (X0 +X1, Y0 + Y1, Z0 + Z1) (45)
where the coordinates of P0 describe a central cylinder, generated from a invariant
fiber in the middle of the strip weight, i.e.,
X0 = R cosϕ (46)
Y0 = R sinϕ (47)
Z0 = l. (48)
This is the topological invariant of the geometry under study. Here θ is the polar
angle, measured from the axis z, and ϕ the azimuthal angle.
The coordinates of P1, the boundaries of the Mo¨bius band, are of P0, the cylin-
der, plus
X1 = r sin θ cosϕ, (49)
Y1 = r sin θ sinϕ, (50)
Z1 = r cos θ. (51)
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Fig. 3. (Color online) Torus.
The band has weight 2r.
This Mo¨bius strip configuration has a deep relation with the torus and it is
a result of a reduction that changes both topology and geometry by means of a
constraint
θ =
ϕ+ π
2
. (52)
on the Torus geometry ( figure 3) described by
X = R cosϕ+ r sin θ cosϕ,
Y = R sinϕ+ r sin θ sinϕ,
Z = l + r cos θ.
(53)
An important point to enphasize is that the angles are no more independent in the
case of the Mo¨bius strip, leading to a special embedding from the Torus. In such
situation, the geometry turns to be an unnoriented surface and the topological
properties are also altered.
The consideration r < R implies that the generated Mo¨bius strip lives inside the
torus. The parametrization associated to the Mo¨bius strip (figure 4)is then given
by Taking R = 1 and inserting (5) into (4) we obtain the parametrization of the
band
X = cosϕ+ r cos (ϕ/2) cosϕ (54)
Y = sinϕ+ r cos (ϕ/2) sinϕ (55)
Z = l + r sin (ϕ/2) (56)
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Fig. 4. (Color online) Mobius.
7. Lagrange’s and Hamilton’s of Torus and Mobius
Taking the parametrization of the Torus we can build the corresponding lagrangean
LTorus =
m
2
.
ϕ
2
[
(R+ r sin θ )2 +
r2
4
]
+
m
2
(
r
.
θ
)2
−mr sin θ
.
Z0
.
θ
+
m
2
( .
Z0
)2
(57)
We can note that by inserting the contraint associated to the reduction to a Mo¨bius
strip, eq. (52), the lagrangean describes the motion on Mo¨bius strip LMobius. The
Hamiltonian for the torus is easily computed from (m = R = 1)
HTorus = pθ
.
θ + pϕ
.
ϕ+ pz0
.
Z0 − LTorus, (58)
where we have
pϕ =
∂L
∂
.
ϕ
= J0, (59)
pz0 =
∂L
∂
.
Z0
= −r sin θ
.
θ +
.
Z0 = L0, (60)
pθ =
∂L
∂
.
θ
= r2
.
θ − r sin θ
.
Z0. (61)
This will lead to the following hamiltonian
HTorus =
1
2
[
J20
(1 + r sin θ )2
+
(pθ + r sin θL0)
2
(r cos θ )
2 + L
2
0
]
,
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by the insertion of eq. (52), the torus reduces to a Mobius strip, by Legendre
transform LMobius, we arrive at the above with eq. (52), the Hamiltonian for Mobius
HMobius.
The quantized version of both hamiltonians then describe quantum particles on
a Torus and Mobius. Such description has a geometrical base. The deformation of
particles turning around on such surfaces will not alter the topological structure.
The inclusion of the constraint in the Torus, eq. (52), reduces the geometrically
to a Mobius strip inside the Torus. The deformation of the Mobius leads to an
intersection, but from the topological point of view the topological properties are
preserved [30].
In order to study the coherent states (CS) associated to the Mobius strip, we
analyse again the CS torus. As we saw previously, in the torus case, the coor-
dinates θ and ϕ are absolutely independent. Thus, we assume two cylinder type
parametrizations, one for 0 ≤ l ≤ ∞ cylinder with angular variable ϕ and other
one with finite 0 ≤ l2 ≤ 2π sin2 ϕ (R = 1)
ξTorus = e
−(l+r cos θ)+iϕ (1 + r sin θ) e−2π sin
2 ϕ+kθ (62)
where i2 = k2 = −1.
The above expression correspond to a geometrical factorization, leading to a
physical decomposition for |ξTorus〉 that is useful for our proposal is the following
|ξTorus〉 =
∞∑
j,m=−∞
ξ−jMobiuse
− j
2
2 ξ−me−
m2
2 |j,m〉 , (63)
|ξMobius〉 =
∞∑
j,m=−∞
ξ−jMobiuse
− j
2
2 |j, 0〉 ,
i.e., the Mobius strip has its portion splited from the the toroidal space
ξMobius = e
−(l−r sin(ϕ/2))+ln(1+r cos(ϕ/2))+iϕ (63)
ξ = e−2π sin
2 ϕ−r (cos θ+sin(ϕ/2))+ln( 1+r sin θ1+r cos(ϕ/2) )+kθ, (64)
this implies in geometrical and topological changes.
It is interesting to note that, although the topology of the torus is considered
as the product of two cilinders, the introduction of the parameter l involving the z
coordinate makes that the Torus becames the product of one cilinder with infinity
longitude and other with longitude 2π. The link between geometrical description of
the Torus and its topological equivalence to two cilinders is given by the following
equivalent form for ξTorus
ξTorus = e
−l+ 12 sgn(cos θ)
+ iφ
(
1 +
1
2
sgn(sin θ)
)
e−2π sin
2 ϕ+kθ, (65)
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Fig. 5. (Color online) One particle trajectory on Torus.
With this we can perform the projection from Torus phase space to the Mobius
phase space by means of
〈〈
ξMobius | ξ
′
Mobius
〉〉
=
〈
ξTorus ||ξMobius〉 〈ξMobius|| ξ
′
Torus
〉
〈
ξ0Torus |ξMobius〉 〈ξMobius| ξ
0
Torus
〉 ,
=
∞∑
j=−∞
e(l
′+h′)je−i(ϕ−ψ)e−j
2
(66)
where
∣∣ξ0Torus〉 = |1Torus〉 = ∞∑
j,m=−∞
e−
m2+j2
2 |j,m〉. It is important to note that we
can proceed other time performing the projection from the Mobius geometry to the
circle straighforwardly obtaining the CS for the Bose case. Then the procedure of
projections can be sinthetized in the following scheme
Torus→ reduction constraint
→ Mobius (fermion)
→ reduction constraint
→ Circle (boson)
This in fact connects the aceptions of that the coherent states on Mobius topology
as fermions and in the circle topology as bosons [30]. A periodic circular trajectory
of 2π on Torus (figure 5) has a bosonic behaviour that can be deformed topologically
without losing such characteristic. The Mobius the periodic trajectory of 4π ( figure
6) has a fermionic behaviour and can also be deformed without alter the topological
properties. Such behaviours in qubits operations acting with deformations that
preserve topology.
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Fig. 6. (Color online) One particle trajectory on Mobius.
8. Entangled states on Mobius
By considering the coherent states |ξ〉 on the Mo¨bius strip, we see that their nor-
malization is given in terms of Jacobi theta functions, as in the case of a torus
〈ξ|ξ〉 = Θ3
(
i
π
ln |ξ|| i
π
)
. (67)
Taking the approximation formula for theta functions,
Θ3
(
i
π
ln |ξ|| i
π
)
≈ e(ln |ξ|)2√π,
Then, the the projections relations for coherent states on a Mobius strip can be
written as
〈ξ|ξ˜〉 =
∞∑
j=−∞
e(l
′+l˜′)je−i(ϕ−ϕ˜)e−j
2
, (68)
where the variables with tilde correspond to the coherent state |ξ˜〉.
On a period in the Mobius strip, the state turns to the same initial state. In
fact, this property for coherent states defined on a Mobius strip is a characteristic
of the topology associated to this surface. Taking |ξ〉 = |ξϕ=0〉 and |ξ˜〉 = |ξϕ=4π〉,
we arrive at
〈ξϕ=0|ξϕ=4π〉 =
∞∑
j=−∞
e2lj+ln(1+r)je−j
2
= e(2l+ln(1+r))
2/4
√
π
× Θ3
(
− (2l+ ln(1 + r))π
2
)|e−π2
)
.
(69)
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Using the projection in the form (68), we can write in a more simplified form
〈ξϕ=0|ξϕ=4π〉 = e4πi
∞∑
j=−∞
e(l
′+l˜′)je−j
2
, (70)
but as e4πi = 1, we have that the state with a difference in the phase ϕ corresponding
to the period of a Mobius will be the same |ξϕ=0〉, as expected from the topology.
Consequently, under a period of 4π the state turns to the same. Such behaviour is
a characteristic of fermion spin variables and the entanglement and in fact can be
associated to entanglements for fermionic systems.
Now let us consider the action of the operators restricted to the Mobius strip
eiφ1 |j, 0〉 = |j + 1, 0〉 (71)
e−iφ1 |j, 0〉 = |j − 1, 0〉 (72)
T |j, 0〉 = | − j, 0〉. (73)
As a consequence the action on the state
|ξMobius〉 =
∞∑
j=−∞
ξ−jMobiuse
− j
2
2 |j, 0〉 ,
will be
T |ξMobius〉 =
∞∑
−j=−∞
ξjMobiuse
− j
2
2 |−j, 0〉 ,
And the state is invariant under the time inversion operator T
T |ξMobius〉 = |ξMobius〉 . (74)
Now let us consider the operators
Mˆ± =
(
e±iφˆ1 ⊗ T + T−1 ⊗ e∓iφˆ1
)
,
acting on |j, 0〉|j′, 0〉. This will give
Mˆs|j, 0〉|j′, 0〉 = |j + s, 0〉| − j′, 0〉+ | − j, 0〉|j′ − s, 0〉,
where s = ±1. Let us now consider a two-particle coherent state on the Mo¨bius
strip (figure 7 and 8) given by
|ψ〉 = |ξMobius〉|ξ˜Mobius〉. (75)
Under the action of Mˆs we will have the entangled state
Mˆs|ψ〉 = (eisφˆ1 |ξ〉)|ξ˜〉+ |ξ〉(e−isφˆ1 |ξ˜〉) (76)
where
eisφˆ1 |ξMobius〉 =
∞∑
j=−∞
ξjMobiuse
− j
2
2 |j + s, 0〉 ,
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Fig. 7. (Color online) Two-particle trajectories on Mobius.
Fig. 8. (Color online) two-particle trajectories on Mobius.
In a more general form, we can define
Mˆ =
(
Mˆ (++) Mˆ (+−)
Mˆ (−+) Mˆ (−−)
)
, (77)
that are consistent with the time inversion T and the operator eisφˆ1 , where
Mˆ (ss
′) =
(
eisφˆ1 ⊗ T + T−1 ⊗ eis′φˆi
)
, (78)
s, s′ = ±. The action on the state |j, 0〉|j′, 0〉 will give
Mˆ (ss
′)|j, 0〉|j′, 0〉 = |j + s, 0〉| − j′, 0〉+ | − j, 0〉|j′ + s′, 0〉,
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and on the state |ξ〉|ξ˜〉 will give
Mˆ (ss
′)|ξ〉|ξ˜〉 = (eisφˆ1 |ξ〉)|ξ˜〉+ |ξ〉(eis′φˆ1 |ξ˜〉) (79)
We can consider the set of non-orthogonal measurements in terms of coherent states
γˆ(←) =
∑
ξ
|ξ〉〈ξ| ⊗ 1ˆ,
γˆ(→) = 1ˆ⊗
∑
ξ
|ξ〉〈ξ|,
〈ξ|ξ˜〉 = gξξ˜ (80)
Note that, if we consider the states normalized, this measurement turns a von-
Neumann type measurement in each reduced space [43]. By acting on the state
(79), we have
γˆ(→)Mˆ (ss
′)|ξ〉|ξ˜〉 = (eisφˆ1 |ξ〉)
∑
ξ′
gξ′ξ˜|ξ˜〉
+ |ξ〉
∑
ξ′
|ξ′〉〈ξ′|(eis′φˆ1 |ξ˜〉) (81)
γˆ(←)Mˆ (ss
′)|ξ〉|ξ˜〉 =
∑
ξ′
|ξ′〉〈ξ′|(eisφˆ1 |ξ〉)|ξ˜〉
+
∑
ξ′
gξ′ξ|ξ〉(eis
′φˆ1 |ξ˜〉) (82)
The effective dimensionality of the Hilbert space can be computed in terms of
the Hilbert-Schmidt norm
Tr(γˆ(←)2) = Tr(γˆ(→)2) (83)
Consider the density matrix associated to Mˆ (ss
′)|ξ〉|ξ˜〉 is given by ρˆss′ξξ′ , given by
ρˆss
′
ξξ˜
= Mˆ (ss
′)|ξ〉|ξ˜〉〈ξ˜|〈ξ|Mˆ (ss′)†, (84)
then the associated entangled measurement can be calculated by means of projective
measurements
rss
′
ξ = Tr(γˆ
(←)ρˆss
′
ξξ˜
), (85)
rss
′
ξ˜
= Tr(γˆ(→)ρˆss
′
ξξ˜
), (86)
compared to the corresponding measurements to the state |ξ, ξ˜〉, that are obtainded
by doing s→ 0 and s′ → 0,
r0ξ = Tr(γˆ
(←)ρˆ0
ξξ˜
), (87)
r0
ξ˜
= Tr(γˆ(→)ρˆ0
ξξ˜
), (88)
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Fig. 9. (Color online) Intersection of Torus and Mobius.
The ratios
λss
′
=
rss
′
r0
(89)
give the measurement of the entanglement associated do the action of Mˆ (ss
′).
9. Entangled states on Torus-Mobius
We can consider also coherent states pertaining to both spaces, i.e., Torus and
Mobius, by means of products in the intersection, as
|ξTorus〉|ξMobius〉. (90)
since we derived the each coherent space separately for Torus and Mobius, we can
consider the possibility of entanglement between them. Note that this is not an
impossible case. In fact, the intersection of the Mobius strip and the torus can
be a point of interaction between the particles (figure 9). Although each particle
is confined to its surface (figure 10), the intersection can be used as a point of
correlation. In fact, if we think in terms of orbital angular momentum and spin, we
can associate the interaction to a spin-orbit coupling entanglement.
Let us consider an operator acting on the intersection of Torus and Mobius,
Wˆ⋂ = Wˆ (Torus) ⊗ 1ˆ(Mobius) + 1ˆ(Torus) ⊗ Wˆ (Mobius), (91)
such that 1ˆ(Mobius) leaves the mobius state invariant and 1ˆ(Torus) leaves the torus
state invariant. The action of Wˆ⋂ on |ξTorus〉|ξMobius〉 will be given by
Wˆ
(Torus)|ξTorus〉 ⊗ |ξMobius〉+ |ξTorus〉 ⊗ Wˆ
(Mobius)|ξMobius〉
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Fig. 10. (Color online) one-particle trajectories in Torus and Mobius.
As an example we can calculate (eiφˆ1)⋂ where
(eiφˆ1)⋂ = eiφˆ1 ⊗ 1ˆ + 1ˆ⊗ eiφˆ1 , (92)
since the |j1, j2〉Torus and |j1, 0〉Mobius, the action of the operator on these states
will lead to (eiφˆ1)⋂|j1, j2〉Torus ⊗ |j1, 0〉Mobius = |j + 1, j′〉Torus ⊗ |j, 0〉Mobius +
|j, j′〉Torus ⊗ |j + 1, 0〉Mobius. This will have effect in the coherent states by means
of (eiφˆ1)⋂|ξTorus〉|ξMobius〉. A corresponding density matrix associated to such state
ρˆTorus−Mobius
We can consider the set of non-orthogonalmeasurements in terms of the coherent
states acting on Torus and Mobius
γˆ(Torus) =
∑
ξ
|ξ〉〈ξ|(Torus) ⊗ 1ˆ(Mobius),
γˆ(Mobius) = 1ˆ(Torus) ⊗
∑
ξ
|ξ〉〈ξ|(Mobius) ,
〈ξ|ξ˜〉(Torus) = g(Torus)
ξξ˜
,
〈ξ|ξ˜〉(Mobius) = g(Mobius)
ξξ˜
This measurement turns to a von-Neumann type measurement if we normalize the
states. The effective dimensionality of the Hilbert space can be computed in terms
of the Hilbert-Schmidt norms
D(Torus) = Tr(γˆ(Torus)2) (93)
D(Mobius) = Tr(γˆ(Mobius)2) (94)
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The measurement of entanglement can be calculated by means of projective mea-
surements
r(Torus) = Tr(γˆ(Torus)ρˆ(Torus−Mobius)), (95)
r(Mobius) = Tr(γˆ(Mobius)ρˆ(Torus−Mobius)), (96)
compared to the corresponding measurements to the uncorrelated state ρˆ0,
r
(Torus)
0 = Tr(γˆ
(Torus)ρˆ0), (97)
r
(Mobius)
0 = Tr(γˆ
(Mobius)ρˆ0), (98)
by means of the respective ratios
λ(Torus) =
r(Torus)
r
(Torus)
0
, (99)
λ(Mobius) =
r(Mobius)
r
(Mobius)
0
, (100)
that give the correlations corresponding to each state on Torus and Mobius.
10. Conclusion
We have considered the entanglement of quantum particles in non-trivial topolo-
gies, considering the cases of a Torus, Mobius strip and Torus-Mobius. We have
derived the corresponding parametrizations in each case and developed appropri-
ate operators. We have derived the geometrical lagrangeans and hamiltonians of
Torus and Mobius that are associated to each other by means to a constraint that,
from the topological point of view, is a topological reductions equivalent to cuts
in the deformations. The quantum particle dynamics in the quantized form is a
consequence the canonical quantization of the hamiltonians. From each case we
derived the corresponding one and two-mode coherent states that are entangled by
the action of the proper operators in each case. We also have shown the relation
of the toroidal operators that lead to entanglement and SU (1, 1), that can lead to
possible connections with supergravity models.
The Mobius is obtained by means of a reduction from the Torus by means of
a constraint in the angular variables. This implies that the Mobius strip can be
keept inside the Torus . By applying a deformation on the strip, the topological
properties keep unaltered and we use it to build the corresponding coherent states
associated to the Mobius topology starting from the Torus.
We have shown that the entangled state generated in the Torus has a char-
acteristic of the experimentally verified photon entanglement by orbital angular
momentum, such that the states on Torus behave like bosons as a special case.
This is an important fact, since we can associate the entanglement in a torus to a
photon entanglement by orbital angular momentum as a special case. On the other
hand, the entanglement states associated to Mobius strip have the periodicity as-
sociated to fermions 4π and can be more appropriate to describe the entanglement
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in fermionic systems. We also have considered the entanglement between Torus
and Mobius in the intersection of Torus and Mobius with the action of operators
defined in the intersection. Such situation can be originated in the case of an entan-
glement by spin-orbit coupling. By derive non-orthogonal measurements, equivalent
to the von-Neumann type measurement for orthogonal states, we have shown that
the generated entangled states can also be evaluated in a consistent way with the
appropriate operators in each case.
The periodic trajectories on Torus (2π) and Mobius (4π) surfaces can be de-
formed topologically without alter the typical behaviours. Such behaviours are also
reflected in the entangled states for Torus and Mobius and are important when we
consider deformation operations. We have also shown that some operators leave the
entangled states invariant, what is important in the case of protecting entanglement.
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